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Abstract 
Consider the inequalities 
(a) IAxl <~ b, A ~ ~×~,  r < n, b positive vector 
(here lYl denotes the vector of absolute values of components of the vector y) and 
(b) xTAx <~ c~, A positive semi-definite e R7 ×~, r < n, ~ > 0. 
Both inequalities are guaranteed a nonzero integer solution x for every positive right-hand side 
(b, ~ respectively). Such solutions will generally have a nonzero orthogonal projection XN/AI on 
the null space of A. We prove that a nonzero integer solution x exists with II XNtAill bounded, 
for (a): 
/~ / '  volA ~1/¢,,-,) 
II xNrA/II ~< ~/n -- r ~ )  
for (b): 
(2"x /7~ ~ la"- ' '  
II xN{,,,/II ~< t <x "i2 K,, ,) ' 
where vol k = x /~det  2AIj summing over all r x r submatrices klx, and x, is the volume of the 
Euclidean unit ball in R". 
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1. Introduction 
The theorem in the title, Minkowski's fundamental theorem I-3, 2, p. 15], states that 
a 0-symmetric convex body 1 in ~" of volume/> 2" has at least one nonzero integer 
vector. We deal here with two of its well-known consequences: 
The linear form theorem of Minkowski (Minkowski [4] and Erd6s et al. [2, p. 17]). 
Let the matrix (alj) ~ ~n×n be nonsingular, and let b = (bi) ~ •m be a positive vector. 
Then the system of inequalities 
j=~l aijxj ~ bl, i ~ 1, n (1) 
has at least one solution x = (xl . . . . .  x,) with integers X l, . . . ,  x, not all zero, provided 
b~ ... b,/> [det(a~s)l. (2) 
Here k, n denotes the index set {k, k + 1, . . . ,  n}, for integers k ~< n. 
The ellipsoid theorem (Minkowski [4] and Erd6s et al. [2, p. 16]). Let A = (aij) E [~n×n 
be symmetric and positive definite, and let c~ > O. Then the ellipsoid 
i=1 j= l  
contains a nonzero integer vector x if 
4 { det A "] l i" 
>/ \ K2 ,] , (4) 
where ~c, is the volume of the Euclidean unit ball in ~". 
If in the above two theorems the matrix (aij) is singular, then both (1) and (3) are 
(unbounded) cylinders parallel to N(A), the null space of A -- (aij). Nonzero integer 
solutions x are then guaranteed for any positive right-hand side (b, ~ respectively). 
Such solutions will in general have a nonzero rthogonal projection XN(A)on N(A).  In 
this note we give upper bounds on the Euclidean orm [IXNtA)[[ for some such nonzero 
integer solution x. 
Our results use the volume of an m x n matrix A of rank r defined in [1] as 0 ifr = 0, 
and otherwise 
volA = f i  ai, (5) 
i= l  
1 Compact  convex set with nonempty interior. 
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where aa >/ ... >~ trr are the positive singular values of A, or equivalently, 
vol A = , , /~  det 2 A,j (6) 
summing over all r x r submatrices A~j. If Uo and Vo are any two matrices whose 
columns are o.n. bases of N(A x) and N(A), respectively, then 
(AUo)  (7) 
vo lA= det Vo T 0 " 
In the full-rank case, vol A is the ordinary volume of the paral lelotope defined by the 
linearly independent lines (columns or rows) of A. If A is nonsingular then 
vol A = I det A ]. 
2. Results 
Theorem 1. Let A = (aij) E ~rxn have rank r < n, and let b = (bl) E ~m be a positive 
vector. Then the system of inequalities 
j~=l aijxj <<. bi, i e 1,--r (8) 
has at least one solution x = (xl . . . . .  x,) with integers Xl . . . . .  x, not all zero, whose 
projection on N (A ) is bounded by 
/ -~- f  volA "~1/(~-,) 
IIXN(A,I[ <~ x/n - r~b-  1 7.:-br) " (9) 
Proof. Consider the system (1) obtained from (8) by adjoining n - r inequalities 
j~=l aijxJ ~ bl, i s r  + 1,n, (10) 
where (i) the n - r rows (ail, ... ,ain), i s  r + 1,n, are an o.n. basis of the null space 
of the matrix A, and (ii) bi > 0, i s r + 1, n. 
A nonzero integer solution is guaranteed provided (2) holds, or by (7), provided 
volA 
b,+l ... b ,>~- -  
bl . . .b r  
Because of (i), a solution x of (1) has component  xN(a) of norm 
HXN(A) II ~< x/bff+l + "" + b 2. 
The bound in (9) is then obtained by the minimization problem 
minimize x/b2+1 + "'" + b, 2 
volA 
subject to b,+ l ... b, >1 bl ... b---~" 
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Theorem 2. Let A be n × n symmetric, positive semi-definite matrix with rank 0 < r < n. 
Then for any ~ < O, the set S = {x: xT Ax <~ ~} contains a nonzero integer point x, whose 
projection on N(A) is bounded by 
(11) o 
Proof. Let U be an orthogonal matrix such that 
UTAU = D = diag(21,22, ... ,2,,0, ... ,0), 
where 2 />0 for i t  1,r. For any 2>0,  let D(2)=d iag(21 ,22 , . . . ,2 r ,2  . . . .  ,2) 
and A(2)=UD(2)U  T. Then by (5), detA(2)=2 "-r volA and consequently 
S(2) = {x:xTA(2)x ~< ct} has volume 
~n/2 
vol S(2) - (2"-~ vol A) 1/2" (12) 
Therefore, S(2) contains a nonzero integer point x if volS(2) >/2", and in particular if 
(using (12)) 
: \ (13) 
Lety  = UTx and thereforeyTD(2)y <~ ~. FromyTD(2)y =yTDy + 2Z~'=~+ 1 y~ it fol- 
lows that 
yTDy <~ 5, (14a) 
)~ ~ y2 ~< ct. (14b) 
i=r+ 1 
From (14a) we conclude x ~ S (actually S(2) ~ S). Since the last n -  r columns 
{ui: i ~ r + 1,n} of U constitute an o.n. basis of N(A) it follows, using (14b), that 
]IxN(A) I] ~ = (u~x)2 = Y~ ~ X 
i=r+ 1 i=r+ 1 
which, combined with (13), completes the proof. []  
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